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ABSTRACT
We present a geometric formulation of super p{brane theories in which
the Wess{Zumino term is (p + 1){th order in the supersymmetric currents,
and hence is manifestly supersymmetric. The currents are constructed using
a supergroup manifold corresponding to a generalization of a superalgebra
which we found sometime ago. Our results generalize Siegel's analogous
reformulation of the Green{Schwarz superstring. The new superalgebras
we construct underly the free dierential superalgebras introduced by de
Azcarraga and Townsend a few years ago.
y
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1. Introduction
The dynamics of super p{brane theories is notoriously dicult. Therefore, it is useful
to look for simplications and/or alternative formulations of these theories. Often a phe-
nomenon that arises in the Green{Schwarz superstring generalizes to super p{branes as well,
which suggests that there is a universal structure in a handful theories known as super p{
branes in d dimensions, which exist for d  11 and p  5. Indeed, here we nd yet another
parallel between superstrings and higher super p{branes.
Less than a year ago, Siegel [1] found a manifestly supersymmetric formulation of the
Green{Schwarz superstring, based on a superalgebra discovered earlier by Green [2]. The
algebra generalizes the super Poincare algebra in that it contains a new fermionic generator,
and that translations do not commute with the supercharges. Siegel constructed a suitable
set of currents on the corresponding group manifold, and succeeded in writing the Wess{
Zumino term of the Green{Schwarz action in a manifestly supersymmetric form, without
having to go to one higher dimension. He also showed why this new formulation was useful
in the lattice formulation of the theory.
In this paper, we show that Siegel's formulation generalizes to higher super p{branes.
To do this, we introduce a set of new spacetime superalgebras, including central charge
generators, whose extension is based on the same gamma{matrix identities that underly the
super p{brane theories. In other words, to every super p{brane corresponds a new spacetime
superalgebra. This set of algebras is intimately related to the super p{brane loop algebras
we found before [3]. Using the new algebras, we rst construct manifestly supersymmetric
currents in the supergroup space. We next use these currents to write down a Wess{Zumino
term for super p{branes as (p+1){th order expressions in the supercurrents, without the need
to extend the (p + 1){dimensional worldvolume to a space of one dimension higher. Thus,
by introducing the new coordinates corresponding to the new generators of the underlying
superalgebra, we are able to write the Wess{Zumino term in a form which is manifestly
supersymmetric and which equals the usual Wess{Zumino term up to total derivative terms.
The organization of this letter is as follows. For pedagogical reasons we rst review
Siegel's new formulation of the superstring. In section 3 we shall focus our attention on
the case of supermembranes since this case already covers all the essential features neces-
sary to proceed to the higher super p{brane case. In particular, we will present the new
spacetime superalgebra corresponding to the supermembrane and construct the supercur-
rents and supersymmetry transformations. We will then present the new formulation of
the supermembrane action. Next, in section 4 we will discuss the generalization to higher
super p{branes. Finally, in the conclusions we will compare the new formulation presented
here with the description, rst introduced by de Azcarraga and Townsend, of super p{brane
theories based upon free dierential superalgebras [4].
2
2. Superstrings
The starting point in Siegel's new formulation [1] of the superstring is the following

























is a new fermionic generator. The Jacobi{identities corresponding to the algebra







= 0 ; (2:2)
which is only valid in d = 3; 4; 6; 10 dimensional spacetimes. For deniteness we consider
the ten dimensional superstring. The spinor{index  labels a 16 component Majorana{Weyl
spinor
y
, and  = 0; 1; : : : ; 10.



































) ; respectively. In order to calculate the supercurrents we consider








































































































The left{group transformations, which leave the pull{backs L
i
A











We use a chiral notation where the position of the spinor{index indicates the chirality. In case we































are constant parameters. In particular, the transformation parameter 

can be
interpreted as the rigid supersymmetry transformation parameter. One nds that these










































while the supersymmetry generators Q
A










































is the worldsheet metric and  = det 
ij
. The nontrivial feature of the new action
is that the new coordinate 

only occurs as a total derivative. Up to this total derivative
term the above action is identical to the standard GreenSchwarz action. Furthermore, the
supersymmetry of the Wess{Zumino term in the above action is manifest, unlike in the usual
Green{Schwarz formulation where the supersymmetry is up to a total derivative term.







which remain unchanged by the presence of the new
coordinate 

, as can be seen from (2.5).










where the left{invariant basis one{forms L
A





















= 0 ; (2:13)
one nds that the eld strength H = dB is given by

Note the presence of the bare x

in the formula below. It turns out that the theory is still translation














which is the same expression one nds in the usual formulation of the superstring. Note that
all dependence on the new coordinates have dropped out from the expression of H.
In the next section we will generalize the above construction to the case of supermem-
brane theories while in section 4 we will discuss the general p{brane case. For the generic
p{brane the Poincare superalgebra needs to be extended with both fermionic as well as as
bosonic generators. In hindsight, it turns out that the superstring case is special in the sense
that the general p{brane case predicts, for p = 1, a new bosonic generator, 

, that can be










3. The New Supermembrane Action
Supermembranes exist in d = 4; 5; 7; 11 dimensional spacetimes [5,6]. Therefore, we need
to consider the generalizations of the the corresponding super Poincare algebras. Here, for
deniteness let us consider the eleven dimensional supermembrane [5]. The supersymmetry




, respectively, where  labels a 32 component
Majorana spinor
y





and wrote down a generalization of the super Poincare algebra [3]. In trying
to generalize Siegel's new formulation of the Green{Schwarz string to higher p{branes, it









































































































= 0 : (3:2)
y
In the calculations we never need to raise or lower a spinor index using the charge{conjugation







, etc. In case we do not denote the spinor indices explicitly, it is always understood that




























The rst line of (3.1) also occurs in [7] where it was derived by looking to the total derivative terms
in the supersymmetry variation of the Wess{Zumino term in the standard Green{Schwarz action.
5
The algebra of [3] corresponds to a Wigner{Inonu contraction of the above algebra in




and then takes the limit c! 0.
We now turn to the construction of various geometrical objects on the corresponding
supergroup manifold. Since the calculations are more involved than in the superstring case
it is convenient to rst present some general formulae. Denoting a group element generically
by U = e

, the exterior derivative of  by d and a super Lie algebra valued entity by ,

















^ d ; (3:3)
where we have used the notation
 ^   [; ]; 
2
^    ^  ^  = [; [; ]]; etc: (3:4)
Note that the wedge (^) notation used here denotes an operation involving multiple com-
mutators, and is not to be confused with the exterior product for forms. It turns out that
in the following we need at most the triple{commutator terms in (3.3).





























































We rst calculate the left{invariant Maurer{Cartan form U
 1
dU , which we have been
referring to as supercurrents above. Armed with the parametrization (3.5) and the formulae
(3.3), it is straightforward to calculate the left{currents L
i
A
dened in (2.4), for which we
y
Note that this parametrization is not of the form U = e

. Due to this, the second equation in (3.3) is
not enough to calculate the supercurrents, we also need the rst equation.
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take the same form as they do in the usual superspace.
The supersymmetry transformations are dened in (2.7). A convenient way to calculate
















is the group element. We next observe that the innitesimal




























^  ; (3:9)
from which one can solve for Z
M
. Again we only need at most the triple{commutator terms
which are given by
y
:
Z  T =   T  
1
2




Z  T; [Z  T;   T ]

+    : (3:10)
After some algebra, using (3.3), we obtain the following result for the the supersymmetry
y
Note that the coecient of the triple{commutator term vanishes identically.
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We are now in a position to write down a manifestly supersymmetric action for the






























































is the worldvolume metric and  = det 
ij
. The last three terms in the action
constitute the manifestly supersymmetric form of the Wess{Zumino term. The coecients
in front of these terms are nontrivially xed in such a way that all possible structures






are total derivative terms.
Like in the superstring case, the action (3.12) is invariant under the usual kappa{symmetry
transformations, the new coordinates being inert.



























Using the structure equations (2.13), where the structure constants are given by (3.1), we















Note that, just as in the string case, the eld strengthH takes exactly the same form that
it does in the usual Green{Schwarz formulation. This is not surprising since, as mentioned
8
earlier, the very construction of the new supermembrane action is such that all the depen-
dence on the new coordinates is contained in total derivative terms. In fact, the problem
of nding the new formulation of a super p{brane reduces to that of nding a (p + 1){
form whose eld strengh, calculated by making use of the Maurer{Cartan equations of the
new spacetime superalgebras, takes the same form as the one that arises in the ordinary
formulation of the super p{branes [5].
Finally, we note that in order to nd a three{form B trilinear in the line{elements L
such that its eld{strength H = dB is given by by (3.14), i.e. does not depend on the
new coordinates, it is essential that we introduce the extra generator 

. Without it,
the Ansatz for B would only involve the rst two terms of (3.13) which now refer to the
membrane algebra (3.1) with 

= 0. One can easily verify that for that case it is not
possible to dene a B whose eld{strength is given by (3.14). In conclusion, in order to








4. Generalization to Higher Super p{Branes
Our basic interest in this section is to construct an extension of the Poincare superalgebra
and a corresponding p+1{form B which is (p+1)th{order in the line{elements of the algebra
and whose eld{strength H = dB is identical to the expression of the usual Green{Schwarz
formulation. It is not dicult to generalize the membrane algebra (3.1) to general p. It is
convenient to characterize the p{brane analog of the membrane algebra (3.1) by giving the




























































































































The verication of the Jacobi{identities or, equivalently, the integrability conditions d
2
L = 0












= 0 : (4:2)
In order to explain how the extension to the general p{brane case goes, we rst consider
the generalization from p = 2 to p = 3. Our aim is to construct a four{form B whose
9




. Given the algebra corresponding









































it is possible to construct the desired B. In fact, it turns out that one needs to extend
the algebra further with a generator 

which has the special property that it occurs as a
central charge. This is analogous to the status of the generator 

in the membrane algebra
(3.1)
z
. It turns out that the appropriately extended algebra is characterized by the structure































where we have xed the normalization of 

.



































































































































We nd that, with respect to the new spacetime superalgebra (4.5), it is possible to write












































The corresponding eld{strength H is given by
y
Note that B is only determined up to a gauge transformation B = d. The expression we nd for B
is however unique if we also require that B is written in terms of (products of) line{elements only.
z
Note that the generator 

also occurs as a central charge generator in the algebra (4.1). However,























, as it should be.
It is now clear how the generalization to the higher p{brane case goes. One rst notices
that the extended algebra characterized by (4.1) and (4.4) can be easily extended to general
values of p in the same way as the membrane algebra (3.1) was generalized to (4.1). However,
for the next case p = 4 this extended algebra will not be enough to construct a ve{form B
with the desired properties. One needs to extend even further the algebra given by (4.1), (4.4)





which in the new algebra occurs as a
central charge generator and satises a structure equation similar to (4.4). Having completed
the p = 4{case one then repeats the above procedure to get the nal p = 5{case. The precise
expressions of the p = 4; 5{algebras are not very illuminating and will be given elsewhere
[9].
5. Concluding Remarks
The discussion in the previous section shows that the required extended algebra under-









































The same supergroup manifold was introduced in [4] and, more recently, considered in the
context of a scale{invariant formulation of superstrings [10] and super p{branes [11].
More specically, in the scale{invariant formulation one introduces a (world{volume)
p + 1{form
F (A;Z) = dA+B
0
(Z) ; (5:3)
where the p{form B
0
(Z) is a given expression in terms of Z
M
that corresponds to the Wess{
Zumino term in the standard super p{brane action. One can show that the supersymmetry




(Z) = d((Z)) for some p{form (Z) which is a given
expression in terms of Z
M
. The p{form F (A;Z) given in (5.3) will then be invariant if 

A =
(Z) and can be used to construct an action with manifest space{time supersymmetry.
The p + 1{form F (A;Z) satises the structure equation
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is a p-dependent constant. This structure equation, together with the structure
equations dening the Poincare superalgebra, i.e. the rst line of (4.1), denes an extension of
the Poincare superalgebra which is called a free dierential superalgebra or Cartan integrable
system [12].
The concept of a free dierential algebra was originally introduced to describe supergrav-
ity theories containing higher{rank antisymmetric tensors [13]. The idea is that the Maurer{
Cartan equations (2.13) have a natural extension to the case where the line{elements L do
not only represent one{forms but general p{forms. The system is integrable if d
2
L = 0.
Sometimes a free dierential superalgebra is equivalent to an underlying Lie superalgebra
but not always. Whether or not this is true for the free dierential superalgebra discussed
above depends on the following. With respect to the ordinary Poincare superalgebra the
p+2{form H = dF is closed, i.e. dH = 0 but not exact, i.e. H cannot be written as H = dB







that H belongs to a non{trivial class of the (p+2){th Chevalley{Eilenberg cohomology group
[12,4]. The question whether there is a Lie superalgebra underlying the free dierential su-
peralgebra is equivalent to the question whether or not the Poincare superalgebra can be
extended in such a way that the closed p + 2{form H is exact with respect to the extended
algebra [12]. In this letter we have shown that this is indeed the case and we have given the
explicit form of the spacetime superalgebras that underly the free dierential superalgebras
of de Azcarraga and Townsend [4].
It is interesting to compare the case of the eleven{dimensional supermembrane [5] with
that of eleven{dimensional supergravity. In both cases there exists a description in terms
of a free dierential superalgebra. In the case of eleven{dimensional supergravity it has
been shown [13] that the free dierential superalgebra is equivalent to an extension of the










. In this letter we have shown that the free dierential algebra underlying the





and a fermionic generator 

. It would be interesting to see
in which sense the extension of the Poincare superalgebra is unique and whether or not it is
possible to obtain the same extended superalgebra both for eleven{dimensional supergravity
and the eleven{dimensional supermembrane. This would be natural in view of the fact
that eleven{dimensional supergravity is supposed to describe the low{energy limit of the
eleven{dimensional supermembrane.
It is suggestive to rewrite the new spacetime superalgebras we have introduced using
superspace notation. The  

matrices in the structure constants would then correspond to
y
Note that the p{form B
0
(Z) corresponding to the usual Wess{Zumino term always contains a bare
x











{matrices would correspond to specic compo-





. However, so far we have not been able to write our results
into this form. In fact, the results of [3] suggest that in order to do so one would need an
underlying loop algebra instead of the ordinary Lie{superalgebras considered in this paper.
The new superalgebras presented in this letter may be relevant to the construction of
the Yang{Mills coupled vebrane action which is sometimes referred to as the heterotic
vebrane. It may also exhibit hidden duality symmetries of the kind that have been elusive
so far in the usual sigma{model formulation of super p{brane theories. In particular, the





may play a signicant role.
It would be interesting to investigate the consequences of the new formulation of the
supermembrane theory in its quantization program. Relevant to this question is the Hamil-
tonian formulation of the results of this paper and the generalization to curved superspace.
These issues will be addressed elsewhere.
Finally, it is our hope that the new algebras presented in this letter will be useful in
making progress in some of the outstanding open problems in super p{brane theories.
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